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16 Μαΐου 20111. Α1. 'Estw mia sun�rthsh f orismènh se èna di�sthma ∆ kai x0 èna eswterikì shme�otou ∆. An h f parousi�zei topikì akrìtato sto x0 kai e�nai paragwg�simh stoshme�o autì, na apode�xete ìti: f ′(x0) = 0 . mon. 10
Α2. Pìte h euje�a y = λx + β lègetai pl�gia asÔmptwth th
 grafik 
 par�stash
mia
 sun�rthsh
 f sthn perioq  toÔ +∞ ? mon. 5
Α3. N� qarakthr�sete t�
 prot�sei
 poÔ akoloujoÔn, gr�fwnta
 stì tetr�diì sa
t n lèxh Swstì   L�jo
 d�pla stì gr�mma poÔ antistoiqe� sè k�je prìtash.

α. Gia k�je migadikì arijmì z 6= 0 or�zoume z0 = 1 .
β. Mia sun�rthsh f : A −→ R lègetai sun�rthsh 1-1, ìtan gia opoiad pote

x1, x2 ∈ A , isqÔei h sunepagwg : an x1 6= x2, tìte f(x1) 6= f(x2) .
γ. Gia k�je x ∈ R − {x | συν x = 0} isqÔei: (εϕ x)′ = −

1

συν2x
.

δ. IsqÔei ìti: lim
x→+∞

ηµ x

x
= 1 .

ε. Oi grafikè
 parast�sei
 C kai C ′ twn sunart sewn f kai f−1 e�nai sum-metrikè
 w
 pro
 thn euje�a y = x pou diqotome� ti
 gwn�e
 xOy kai x′Oy′.mon. 102. 'Estw oi migadiko� arijmo� z kai w me z 6= 3i , oi opo�oi ikanopoioÔn ti
 sqèsei
:
|z − 3i| + |z + 3i| = 2 kai w = z − 3i +

1

z − 3i
.

Β1. Na bre�te ton gewmetrikì tìpo twn eikìnwn twn migadik¸n arijm¸n z . mon. 7
Β2. Na apode�xete ìti z + 3i =

1

z − 3i
. mon. 41
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Β3. Na apode�xete ìti o w e�nai pragmatikì
 arijmì
 kai ìti −2 ≤ w ≤ 2 . mon. 8
Β4. Na apode�xete ìti: |z − w| = |z| . mon. 63. 'Estw h sun�rthsh f : R −→ R dÔo forè
 paragwg�simh sto R, me f ′(0) = f(0) = 0,h opo�a, gia k�je x ∈ R, ikanopoie� thn sqèsh:

ex
(

f ′(x) + f ′′(x) − 1
)

= f ′(x) + x f ′′(x) .
Γ1. Na apode�xete ìti f(x) = ln(ex − x) , x ∈ R . mon. 5
Γ2. Na melet sete th sun�rthsh f w
 pro
 thn monoton�a kai ta akrìtata. mon. 7
Γ3. Na apode�xete ìti h grafik  par�stash th
 f èqei akrib¸
 dÔo shme�a kamp 
.mon. 6
Γ4. Na apode�xete ìti h ex�swsh ln(ex − x) = συν x èqei akrib¸
 m�a lÔsh stodi�sthma (

0, π

2

) . mon. 74. D�nontai oi suneqe�
 sunart sei
 f, g : R −→ R oi opo�e
, gia k�je x ∈ R, ikanopoi-oÔn ti
 sqèsei
:
f(x) > 0 kai g(x) > 0 (1) ,
1 − f(x)

e2x
=

∫

−x

0

e2t

g(x + t)
dt (2) ,

1 − g(x)

e2x
=

∫

−x

0

e2t

f(x + t)
dt (3) .

Δ1. Na apode�xete ìti oi sunart sei
 f kai g e�nai paragwg�sime
 sto R kai ìti
f(x) = g(x) , gia k�je x ∈ R. mon. 9

Δ2. Na apode�xete ìti: f(x) = ex , x ∈ R. mon. 4
Δ3. Na upolog�sete to ìrio: lim

x→0−

ln f(x)

f
(

1
x

) . mon. 5
Δ4. Na upolog�sete to embadìn tou qwr�ou pou perikle�etai apì th grafik  par�sta-sh th
 sun�rthsh


F (x) =

∫

x

1
f
(

t2
)

dt , x ∈ R ,tou
 �xone
 x′x kai y′y kai thn euje�a me ex�swsh x = 1. mon. 7LÔsei
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Α2. H h euje�a y = λx+β lègetai pl�gia asÔmptwth th
 grafik 
 par�stash
 mia
sun�rthsh
 f stì +∞, tìte kai mìno tìte, �n lim
x→+∞

(f(x) − λx − β) = 0. �

Α3. α.−→Σωστό, β.−→Σωστό, γ.−→Λάθος, δ.−→Λάθος, ε.−→Σωστό. �2. Gia toÔ
 migadikoÔ
 arijmoÔ
 z kai w me z 6= 3i , isqÔoun:
|z − 3i| + |z + 3i| = 2 (1) kai w = z − 3i +

1

z − 3i
(2) .

Β1. Epeid  |z + 3i| =
∣

∣ z − 3i
∣

∣ = |z − 3i| , h (1) g�netai |z − 3i| + |z − 3i| = 2 ⇒
|z − 3i| = 1 (3) . Epomènw
 o gewmetrikì
 tìpo
 twn eikìnwn twn migadik¸narijm¸n z e�nai o kÔklo
 me kèntro tì K(0, 3) kai akt�na �sh me 1 . �

Β2.
1

z − 3i
=

z − 3i

(z − 3i) (z − 3i)
=

z − 3i

|z − 3i|2
(3)
=

z − (−3i)

12
= z + 3i . �

Β3. Lìgw tou Β2. h (2) g�netai w = z − 3i + z + 3i = z + z = 2Re(z) ∈ R (4) .Epeid  oi eikìne
 twn migadik¸n arijm¸n z e�nai o kÔklo
 me kèntro tì K(0, 3)kai akt�na �sh me 1, èpetai ìti −1 ≤ Re(z) ≤ 1 ⇒ −2 ≤ 2Re(z) ≤ 2 ⇒
−2 ≤ w ≤ 2 . �

Β4. |z − w|
(4)
= |z − (z + z)| = |−z | = | z | = |z| . �3. Gi� thn dÔo forè
 paragwg�simh sto R sun�rthsh f : R −→ R, isqÔoun:
ex

(

f ′(x) + f ′′(x) − 1
)

= f ′(x) + x f ′′(x) , gia k�je x ∈ R (1)kai f ′(0) = f(0) = 0 (2)Ep�sh
 eÔkola apodeiknÔetai ìti, gia k�je x ∈ R, isqÔei ex − x > 0 (∗) .
Γ1. H (1) g�netai ex f ′(x) − f ′(x) + ex f ′′(x) − x f ′′(x) = ex ⇒

(ex − x)′ f ′(x) + (ex − x)
(

f ′(x)
)

′

= (ex)′ ⇒
(

(ex − x) f ′(x)
)

′

= (ex)′ ⇒ (ex − x) f ′(x) = ex + c
(∗)
⇒

f ′(x) =
ex + c

ex − x
, x ∈ R .Gia x = 0 prokÔptei 0

(2)
= f ′(0) =

e0 + c

e0 − 0
⇒ c = −1 .3
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ex − 1

ex − x
=

(ex − x)′

ex − x
=

(

ln(ex − x)
)

′

⇒

f(x) = ln(ex − x) + c1 , x ∈ R .Gia x = 0 prokÔptei 0
(2)
= f(0) = ln(e0 − 0) + c1 ⇒ c1 = 0 .'Ara f(x) = ln(ex − x) , x ∈ R . �

Γ2. f ′(x) = 0 ⇔ ex − 1 = 0 ⇔ x = 0.Lìgw th
 (∗) prokÔptei o parapleÔrw
p�naka
 monoton�a
 th
 f .
Γ3. f ′′(x) =

−x ex + 2ex − 1

(ex − x)2
, x ∈ R .JewroÔme thn sun�rthsh g(x) = −x ex + 2ex − 1 , x ∈ R , h opo�a e�naiparagwg�simh stì R me par�gwgo g′(x) = ex (1 − x) , x ∈ R .

g′(x) = 0 ⇔ x = 1 .ProkÔptei o parapleÔrw
 p�naka
monoton�a
 kai akrot�twn t 
sun�rthsh
 g.Epeid  g(−2) = −e−2 (e2 − 4) < 0,
g(1) = e − 1 > 0 kai g(2) = −1 < 0,apì to je¸rhma Bolzano, gi� thnsun�rthsh g st� diast mata [−2, 1]kai [1, 2] prokÔptei ìti up�rqoun ρ1 ∈

(−2, 1) kai ρ2 ∈ (1, 2), tètoia ¸ste
g(ρ1) = g(ρ2) = 0. Apo thn monoton�ath
 g èpetai ìti up�rqoun akrib¸
 dÔor�ze
 ρ1, ρ2 t 
 g.ProkÔptei o parapleÔrw
 p�naka
 giato prìshmo t 
 g, h opo�a èqei to�dio prìshmo me thn f ′′, afoÔ f ′′(x) =

g(x)

(ex − x)2
, ìpou, ep�sh
, fa�netai ìtiup�rqoun akrib¸
 dÔo shme�a kamp 
 gia thn sun�rthsh f . �

Γ4. H sun�rthsh h(x) = f(x) − συν x, e�nai paragwg�simh, �ra kai suneq 
, stìdi�sthma [

0, π

2

], me par�gwgo h′(x) =
ex − 1

ex − x
+ ηµ x.IsqÔoun: h(0) = f(0) − συν 0 = −1 < 0 kai h

(

π

2

)

= f
(

π

2

)

− συν π

2 =LÔsei
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f
(

π

2

)

− 0 = f
(

π

2

)

> f(0) = 0, afoÔ h f parousi�zei olikì akrìtato stì x = 0.Epomènw
 h(0)h
(

π

2

)

< 0 kai apì to je¸rhma Bolzano, up�rqei toul�qiston èna
x0 ∈

(

0, π

2

), tètoio ¸ste f(x0) = 0.Epeid  h′(x) =
ex − 1

ex − x
+ ηµ x > 0, gia k�je x ∈

(

0, π

2

), èpetai ìti h sun�rthsh
h e�nai gnhs�w
 aÔxousa sto [

0, π

2

].Apì ta parap�nw prokÔptei ìti up�rqei monadik  r�za t 
 h sto (

0, π

2

),   isodÔ-nama, h ex�swsh ln(ex − x) = συν x èqei akrib¸
 m�a lÔsh sto (

0, π

2

) . �4. Gia t�
 suneqe�
 sunart sei
 f, g : R −→ R, gia k�je x ∈ R, isqÔoun oi sqèsei
:
f(x) > 0 kai g(x) > 0 (1) ,
1 − f(x)

e2x
=

∫

−x

0

e2t

g(x + t)
dt (2) ,

1 − g(x)

e2x
=

∫

−x

0

e2t

f(x + t)
dt (3) .

Δ1. H (2) g�netai f(x) = 1 − e2x

∫

−x

0

e2t

g(x + t)
dt = 1 −

∫

−x

0

e2(t+x)

g(x + t)
dt

u= x+t

du = dt=

1 −

∫ 0

x

e2u

g(u)
du = 1 +

∫

x

0

e2t

g(t)
dt , x ∈ R .Omo�w
 apì thn (3) prokÔptei ìti g(x) = 1 +

∫

x

0

e2t

f(t)
dt , x ∈ R .Epeid  oi sunart sei
 e2x

g(x)
kai e2x

f(x)
e�nai suneqe�
 san phl�ko suneq¸n sunart -sewn, oi sunart sei
 ∫

x

0

e2t

g(t)
dt kai ∫

x

0

e2t

f(t)
dt e�nai paragwg�sime
 sto R.'Ara kai oi sunart sei
 f kai g e�nai paragwg�sime
 sto R, me parag¸gou


f ′(x) =
e2x

g(x)
(4) kai g′(x) =

e2x

f(x)
, ant�stoiqa.All� tìte, gia k�je x ∈ R, isqÔei f ′(x) g(x) = e2x = f(x) g′(x) ⇒

f ′(x) g(x)−f(x) g′(x) = 0 ⇒
f ′(x) g(x) − f(x) g′(x)

g2(x)
= 0 ⇒

(

f(x)

g(x)

)

′

= 0

⇒
f(x)

g(x)
= c ⇒ f(x) = c g(x) .Gia x = 0, apì t�
 (2) kai (3) prokÔptei f(0) = g(0) = 1 (5).Epomènw
 1 = f(0) = c g(0) = c kai, gia k�je x ∈ R, isqÔei f(x) = g(x) . �LÔsei
 - epimèleia:Grhgor�ou Kwst�kou
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Δ2. Epeid  f(x) = g(x), h (4) g�netai f(x) f ′(x) = e2x ⇒
(

f2(x)
)

′

=
(

e2x
)

′

⇒

f2(x) = e2x + c2 .Gia x = 0, prokÔptei f2(0) = e2·0 + c2
(5)
⇒ 1 = 1 + c2 ⇒ c2 = 0 .Epomènw
, gia k�je x ∈ R, isqÔei f2(x) =

(

ex
)2 (1)

⇒ f(x) = ex . �

Δ3. lim
x→0−

ln f(x)

f
(

1
x

) = lim
x→0−

ln(ex)

e
1

x

= lim
x→0−

x

e
1

x

t = 1

x= lim
t→−∞

1
t

et
= lim

t→−∞

e−t

t

∞

∞=

lim
t→−∞

(e−t)′

(t)′
= lim

t→−∞

−e−t

1
= − lim

t→−∞

e−t u =−t
= − lim

u→+∞

eu = −∞ . �

Δ4. Epeid , gia k�je t ∈ R, isqÔei et2 > 0, èpetai ìti gia x ∈ [0, 1), isqÔei
∫ 1

x

et2 dt > 0 ⇒ F (x) = −

∫ 1

x

f
(

t2
)

dt < 0 .Epomènw
 to embadìn toÔ qwr�ou pou perikle�etai apì thn grafik  par�stasht 
 F , tou
 �xone
 x′x kai y′y kai thn euje�a me ex�swsh x = 1, isoÔtai me
E =

∫ 1

0
|F (x)| dx =

∫ 1

0
−F (x) dx = −

∫ 1

0

(
∫

x

1
et

2

dt

)

dx =

−

∫ 1

0

(

(x)′
∫

x

1
et2 dt

)

dx = −

[

x

∫

x

1
et2 dt

]1

0

+

∫ 1

0
x

(
∫

x

1
et2 dt

)

′

dx =

−1

∫ 1

1
et

2

dt + 0

∫ 0

1
et

2

dt +

∫ 1

0
x ex

2

dx

t =x2

1

2
dt = x dx

=

∫ 12

02

et
1

2
dt =

1

2

[

et
]1

0
=

e − 1

2
. �
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